Abstract-This paper studies a simple nonautonomous circuit consisting of an RLC resonator, a dependent switch and a periodic pulse-train input. The circuit can exhibit chaotic behavior if an equidistant pulse-train input is applied. The dynamics can be analyzed by a mapping procedure based on a one-dimensional (1-D) return map focusing on the moments when the input is applied. If the periodic pulse-train input is nonequidistant, the dynamics can be analyzed by a composite of different 1-D return maps corresponding to different pulse intervals. We show typical chaotic and periodic phenomena in this case. Using a simple test circuit, we can verify typical phenomena in the laboratory.
I. INTRODUCTION
T HE dependent switched capacitor (DSC) is a simple nonlinear element that can cause interesting nonlinear phenomena [1] - [3] . In Fig. 1 , is a linear subcircuit and the DSC is constructed by the capacitor , the switch , and the voltage source . If the capacitor voltage reaches a threshold is reset to the base voltage instantaneously. We have studied autonomous DSC circuits in the case where includes one memory element. In this case, can vibrate below the threshold and the circuit can exhibit chaos and bifurcation phenomena [1] , [2] . By coupling the chaotic DSC circuits impulsively, a chaotic pulse-coupled network (PCN) can be constructed [3] . The chaotic PCN can exhibit interesting chaos synchronization phenomena which may be applicable to image processing [4] . It should be noted that the DSC circuit corresponds to conventional integrate-and-fire neuron models (IFMs, [5] - [8] ) if includes no memory element. The IFMs can exhibit only simple periodic behavior if the input is not present. The PCN of the IFMs is known as a kind of artificial neural network. The PCN is applicable to image processing, associative memory and so on [9] - [13] . Interesting implementation circuits of the IFMs can be found in [14] - [16] . Analysis and synthesis of such switching circuits are important not only as basic nonlinear problems but also as an approach to flexible engineering applications.
The dynamics of the DSC has some similarities to those of conventional switching elements such as hysteresis elements. They can exhibit pulse trains by the iteration of switchings.
Manuscript received September 26, 2002 Such circuits have been studied with great interest not only for the autonomous case [17] - [21] , but also for the nonautonomous case [22] - [24] . Study of such pulse-based dynamical systems is important as an approach to engineering applications including pulse-based communications and time series prediction [25] - [29] . For autonomous DSC circuits, we have obtained some theoretical analysis results [1] - [3] . However, the analysis for nonautonomous DSC circuits has been insufficient. This paper studies a simple nonautonomous DSC circuit such that is passive and consists of an RL circuit. The DSC is controlled by both and a periodic pulse-train input. The circuit is an RLC resonator if the switch is opened all the time. This simple nonautonomous system can exhibit interesting phenomena. In Section II, we explain the objective circuit and consider the basic dynamics of the circuit without the input. We show that the circuit exhibits either an equilibrium attractor or a hard relaxation oscillation if the input is not present. The hard oscillation is characterized by the coexistence of periodic and equilibrium attractors, and the circuit exhibits either depending on the initial state. Using a mapping procedure, the parameter condition for the existence of each attractor is given theoretically. In Section III, we consider responses of the circuit to a periodic pulse-train input and present novel results of the phenomena. The circuit behavior can be analyzed by a mapping procedure based on a one-dimensional (1-D) return map focusing on the moments when the input is applied. We show that the circuit can exhibit chaotic behavior characterized by a positive Lyapunov exponent if an equidistant pulse-train input is applied. This means that the nonautonomous DSC switchings can change the RLC resonator into a chaos generator. It should be noted that our nonautonomous circuit relates deeply to resonate-and-fire neurons for which chaotic behavior has not been reported [30] . If the periodic pulse-train input is nonequidistant, the dynamics can be analyzed by a composite of different 1-D return maps corresponding to different pulse intervals. We show typical phenomena, e.g., a fixed point attractor emerges from a composite of different chaotic 1-D return maps. In Section IV, we present an implementation circuit of the DSC circuit. Using a simple test circuit, we can verify typical phenomena in the laboratory. This paper provides the first basic results for a nonautonomous DSC circuit including a passive . It will be fundamental to the study of engineering applications including pulse-coupled neural networks, pulse-based communications, and time series prediction. Preliminary results along these lines can be found in [31] .
II. DSC CIRCUIT Fig. 2 shows the objective circuit having the periodic pulsetrain input . The input consists of two pulse intervals and at or otherwise (1) where is a nonnegative integer. If the switch is opened all the time, the circuit is the RLC resonator described by
The switch is closed instantaneously if either reaches the threshold , or the pulse signal arrives. At the moment when is closed, is reset to the base voltage instantaneously, holding if or (3) That is, the operation of the switch depends on the state (capacitor voltage) and the time (periodic pulse-train input). Hereafter, the reset by (respectively, ) is referred to as self-resetting (respectively, compulsory-resetting). We focus on the case where (2) has stable complex characteristic roots , where
In this case, the state vector can vibrate below the threshold . Using the dimensionless variables and parameters (4) Equations (1), (2), and (3) 
where . This equation has four parameters: the damping , the base level , and the pulse intervals . In the electric circuit, and can be controlled easily by and , respectively. Equation (5) has the following exact piecewise solution for and (6) where denotes an initial state vector. Using (6), we obtain (7) As a preparation of the analysis to follow, we consider the circuit without the input . For , the origin is a stable equilibrium point and the circuit can exhibit an equilibrium attractor. 1 . If a periodic attractor exists, it must coexist with an equilibrium attractor, and the circuit exhibits either depending on the initial state. This case can be regarded as a kind of hard oscillation. Fig. 3 shows typical phenomena for the hard oscillation. In order to analyze the phenomena, we define a 1-D return map for . Fig. 4 shows the phase plane, where we define the threshold line , the base line and the positive axis . Let points on these lines be represented by their coordinate. We also define a point such that a trajectory starting from touches tangentially
Let us consider a trajectory starting from a point at . If , the trajectory does not hit and returns to a point at . The return point is given by (9) If , the trajectory hits a point at and is reset to a point (10) The trajectory then restarts from at and returns to a point at . The return point is given by (11) where we note that . Since the trajectory starting from must return to , we can define the 1-D return map for for (12) Fig . 5 shows the shape of the 1-D return maps. In Fig. 5(a) , only one stable fixed point exists. In this case, the circuit exhibits an equilibrium attractor only. In Fig. 5(b) , two stable fixed points and exist. In this case, the circuit exhibits either an equilibrium or periodic attractor depending on the initial state. Fig. 6 shows the existence region of each attractor. This parameter condition is derived theoretically in the following.
Using (10) and (11), the derivative of is described by (13) In addition, if , it is easy to show that a trajectory starting from must be trapped into the origin.
III. ANALYSIS OF DSC CIRCUIT WITH PERIODIC PULSE-TRAIN INPUT
In this section, we consider responses of the DSC circuit to a periodic pulse-train input [
]. In order to analyze the phenomena, we define a 1-D return map. First, we consider the case , that is, the pulse interval of the input is equidistant. Fig. 7 shows the phase plane, where we define . Let a point on be represented by its -coordinate. As a trajectory starts from a point at , compulsory resetting occurs at and the trajectory is reset to a point . Then, we can define the following 1-D return map: (15) Note that the 1-D return map is characterized by the pulse interval . For , several self-resettings may occur. However, focusing on the compulsory-resetting moments, the dynamics can be analyzed by the 1-D return map. For , the 1-D return map can be calculated exactly using the following algorithm.
Step 1) Let and let . counts the number of the self-resettings for .
Step 2) Find the positive minimum root of for (16) If the root does not exist, then, go to Step 5. If the root can be found and , then, go to Step 5.
If the root can be found and , then, go to Step 3.
Step 3)
is the st self-resetting time. Let . The reset point just after the st self-resetting is given by (17) Go to Step 4.
Step 4) Let and go to Step 2. Step 5) st self-resetting does not occur. The image of the return map is given by (18) where is given by for for (19) Let . The Lyapunov exponent of the map (15) is given by (20) Note that the derivative of the map is given exactly as shown in Appendix I. Fig. 8 shows typical attractors and 1-D return maps with the Lyapunov exponents. For simplicity, we fix the parameters in the numerical simulations. In this case, the circuit can exhibit only an equilibrium attractor if the input is not present . In Fig. 8(a) , a stable fixed point appears in the return map and the phase space attractor is periodic by only compulsory-resetting. Fig. 8(b) and (c) shows chaotic attractors having positive Lyapunov exponents where the self-and compulsory-resettings occur. This means that the nonautonomous DSC switchings can change the RLC resonator into the chaos generator. For chaos generation, local instability is required. The DSC circuit can exhibit self-resetting by the occurrence of compulsory-resetting. As shown in Fig. 7 , the self-resetting can expand the initial deviation to the deviation at the next compulsory-resetting moment. It can cause the expanding parts in the return maps. Fig. 9 shows the bifurcation diagram and corresponding Lyapunov exponent.
Next, we consider the case , that is, the pulse interval of the input is nonequidistant. In this case, the dynamics can be described by a composite of 1-D return maps for the pulse interval and the pulse interval (21) It should be noted that the dynamics can be described by a composite of different 1-D return maps corresponding to different pulse intervals even if an input pulse train consists of various pulse intervals (see Appendix II). The Lyapunov exponent of the map (21) is given by (22) Note again that the derivatives of the maps, and , are given exactly as shown in Appendix I. Fig. 10 shows typical attractors and 1-D return maps with the Lyapunov exponents. Each return map is a composite of two different 1-D return maps chosen from Fig. 8 . We can observe the following phenomena:
• Fig. 10(a) shows a composite map of the two different chaotic 1-D return maps in Fig. 8(b) and (c). A stable fixed point appears in the composite map and the phase space attractor is periodic.
• Fig. 10(b) shows a composite map of the periodic 1-D return map in Fig. 8(a) and the chaotic 1-D return map in Fig. 8(b) . A stable fixed point appears in the composite map and the phase space attractor is periodic. • Fig. 10(c) shows a composite map of the periodic 1-D return map in Fig. 8(a) and the chaotic 1-D return map in Fig. 8(c) . The return map attractor is chaotic and its Lyapunov exponent is positive. However, a stable fixed point exists in the composite map. Therefore, the phase space attractor can be either chaotic or periodic depending on the initial state.
IV. LABORATORY EXPERIMENTS
In order to observe typical phenomena in the laboratory, we implement a test circuit as shown in Fig. 11 . In the figure, denotes the internal resistor of the inductor . The inductor current is observed by the op-amp (TL074) and the resistor . The switch is realizedby an analog switch(4066). The pulse train for the self-resetting is realized by the comparator (LM339) and the monstable multivibrator (MM, 4538). If the capacitor voltage reaches the threshold voltage , the comparator triggers the MM to output a switching pulse . Repeating in this manner, the MM generates the pulse train if otherwise
The input pulse train (for the compulsory-resetting) is realized by thepairofcomparatorsandMMs.Thesinewave isinputinto each comparator. After each comparator output, each MM generates an equidistant pulse train. If , the two pulse trains have a phase difference. Adding these pulse trains, we obtain the input pulse train, as shown in (24), at the bottom of the next page. . They correspond to the simulation data in Fig. 8 . Fig. 12(a) shows a periodic attractor generated by only compulsory-resettings. Fig. 12(b) and (c) shows chaotic attractors where the self-and compulsory-resettings occur. Fig. 13 shows typical phenomena for the nonequidistant pulse-train input consisting of two different pulse intervals . Fig. 13(a) , (b), and (c) corresponds to the simulation data in Fig. 10(a), (b) , and (c), respectively.
• Fig. 13(a) shows a periodic attractor for the nonequidistant pulse-train input consisting of two different pulse intervals s and s. For the equidistant pulsetrain input s [respectively, s], the circuit exhibits the chaotic attractor as shown in Fig. 12(b) [respectively, Fig. 12(c) ].
• Fig. 13(b) shows a periodic attractor for the nonequidistant pulse-train input consisting of two different pulse intervals s and s. For the equidistant pulse-train input s [respectively, s], the circuit exhibits the periodic [respectively, chaotic] attractor as shown in Fig. 12(a) [respectively, Fig. 12(b) ].
• Fig. 13(c) shows chaotic and periodic attractors for the nonequidistant pulse-train input consisting of two different pulse intervals s and s. These attractors coexist depending on the initial state. For the equidistant pulse-train input s [respectively, s], the circuit exhibits the periodic [respectively, chaotic] attractor as shown in Fig. 12(a) [respectively, Fig. 12(c) ].
V. CONCLUSION
We have studied a DSC circuit with a periodic pulse-train input. If the input is not present, the circuit exhibits either an equilibrium attractor or a hard oscillation. We have derived theoretical parameter conditions for the existence of each attractor. Applying equidistant and nonequidistant pulse-train inputs, the circuit can exhibit various chaotic and periodic phenomena. Using a mapping procedure based on a 1-D return map, we have analyzed these phenomena. Constructing a simple test circuit, we have verified typical phenomena in the laboratory. In future work, we are considering the following:
• The DSC circuit with the periodic pulse-train input has four parameters. For simplicity, we have fixed the parameters and in Section III. We should consider the bifurcation phenomena for a wider parameter region. • Our mapping procedure will be a useful tool to analyze systems with pulse-train input(s). In our system, the input can be regarded as the output of the other circuit(s). Our mapping procedure may contribute to the study of large scale PCNs [4] .
APPENDIX I
In order to describe the derivative of the map (15) exactly, we use the following functions based on the definition of (16) 
where is given by regarding in (16) as a function of two variables. Their partial derivatives are given by (27) gives the number of self-resettings for . If , the derivative of is described by (31) If , the derivative of is described by Using (27) to (30) , (33) to (35) can be calculated exactly.
APPENDIX II
We consider the case where a pulse-train input is constructed by repeating pulse intervals, , as shown in Fig. 14. Let , where . Then the input pulse-train is described by at otherwise
where is a nonnegative integer. In order to derive a return map, we define . Let a point on be represented by its -coordinate. As a trajectory starts from a point at , it must return to a point at . We can then define a 1-D return map from to . This map can be described by a composite of different 1-D maps corresponding to different pulse intervals (37)
